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Problem 6.32. (a) Show that if 6 is the standard angle function on R? measured in the

counterclockwise direction, then df is positive on the circle S*.

To show this is positive on S1, we need to show that dr A 7*df is positive on R" — {0}
where 7 : R? — {0} — S! is a deformation retraction. Let m(r,0) = (1,6) be the
deformation-retraction. Then we have

7*df = (1 om)dmy
=db

So, we are considering now dr A df on R? — {0} which is in the orientation class of R?
so is positive. Thus df is positive on S?.

Show that if ¢ and 6 are the spherical coordinates on R? as in Figure 6.7 then d¢ A df

is positive on the 2-sphere S2.

We need to consider dr A pi*(d¢ A df). Let m : R — {0} — S? be the deformation
retraction given by 7(r, 6, ¢) = (1,0, ¢). Then we have
7 (dp A\ df) = (1 o mw)dmp A dmy
— df A do

So, we are considering dr A d¢ A df which is in the orientation class of R? so is positive,
so d¢ A df is also positive.

Problem 6.36. There exist 1-forms &, on U, such that

1

2_ (Paﬂ fﬁ - fa

Let & = 5 >, Pydpya Where {p,} is a partition of unity subordinate to {U,}. Now, we
compute
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Now for each 7, we know that ¢, + @as — @18 = 271, where n, € Z. So, we have that
dpya + dpas — dp,s = 0 since 27n., is a constant function. Thus, we have that dy.s =
dps — dpye and so

1
& = €0 = 3= > pr(dpas)
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Problem 6.43. Let w : E — M be an oriented rank 2 bundle. As we saw in the proof of
the Thom isomorphism, wedging with the Thom class is an isomorphism A® : H*(M) —
H:%(E). Therefore every cohomology class on E is the wedge product of ® with the pullback
of a cohomology class on M. Find the class u on M such that

®? = P A7n*uin HY (E)
Rearranging the given equation, we get that
P~ PATU=DPA(P—7u) =0

By the Thom isomorphism, there is a unique class o € H*(E) so that ® Ac = 0. Since 0 =0
certainly works, we can conlude that ® — 7*u = 0 for a unique class u.
Let e be the Euler class of E. We claim that u = e is the needed cohomology class. Using

that 7*e = —dvy and the formula for & given in 6.40, we compute
b — e =d(p(r) N) — —dy
=d(p(r) N + 1)
=d((p(r) + 1) A9

Near 0, p(r) = —1, so (p(r) + 1) A ¢ will be defined on all of E despite 1) not being defined
near 0. Thus ® and 7*e differ by a closed form, so they represent the same cohomology class.
Hence, u = e as claimed.

Problem 6.44. The complex projective space CP" is the space of all lines through the
origin in C"*!, topologized as the quotient of C**! by the equivalence relation

2z~ Mz for z € C" N e CX

Let zg,..., 2, be the complex coordinates on C™"1. These give a set of homogeneous coor-
dinates [z, . .., z,] on CP™ determined up to multiplication by A € C*. Define U; to be the
open subset of CP" given by z; # 0. {Uy, ..., U,} is called the standard open cover of CP™.



(a) Show that CP" is a manifold.

For each i, let f; : Uy — C" be given by fi([20,...,2,]) = (&,..., 2=, 22 2 To
see this is well-defined, notice that

Az AZi1 Az Azp
b Al = (52 M)

AR ) ) Y
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e _7 ] 9 9000y —
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For each i, we also have the inverse map ¢; : C* — U; given by g;(wy,...,w,) =
(wy, ..., w1, 1L, w1, ..., wy,). Both f; and g; are continuous, so we have the needed

homeomorphisms.

(b) Find the transition functions of the normal bundle N¢p1/cp2 relative to the standard
open cover of CP!.

The normal bundle of CP! in CP? is given by 7 : CP? — CP! where 7([20, 21, 22]) =
20, 21]. The standard open cover of CP! has only two elements Uy and Uy, so there is
one transition function gg;. Each element of the open cover has a corresponding map.
For Uy, the fiber is {[20, 21, 22] : 29 # 0} and the map is ¢o([20, 21, 22]) = ([20, 21, 2).
Similarly the fiber for Uy is {[z0, 21, 22] : 21 # 0} and the map is ¢1([z0, 21, 22]) =
([0, 21], i—f) Because in each case we scaled the non-projective output by the nonzero
component, the value of 2z is well-defined and we get an isomorphism to U; x C.

Now on Uy N Uy, we have the map ¢y o ¢;*. It is given by

(¢0 °© ¢1_1)([a7 b]’ C) = ¢0([a7 b]v bC)
= ([a, 0], %)

So, the map go1 : Up N Ur — GL1(C) is given by [20, z1] = (2 = Z2).

Problem 6.45. On the complex projective space CP™ there is a tautological line bundle S,
called the universal subbundle; it is the subbundle of the product bundle CP" x C"*! given
by

{(¢,2) : z € £}

Above each point ¢ in CP™, the fiber of S is the line represented by ¢. Find the transition
functions of the universal subbundle S of CP! relative to the standard open cover and com-
pute its Euler class.

The standard open cover of CP! has two elements U, and U;, each with a correspond-
ing map. For Uy, the fiber in the universal subbundle is {([1,z],A(1,z2)): 2, A € C} and
the map is ¢o([1, 2], A(1,2)) = ([1,2],A). For Uy, the fiber in the universal subbundle is
{([z,1],M(2,1)) : z, A € C} and the map is ¢1([z, 1], A(z,1)) = ([z, 1], N).



Now on Uy N U; we have the map ¢ o ¢; " given by

(600 b1 ") ([20, 21], A) = (o 0 91 ) ([22,1], )
do([22, 1], A(£2,1))
o([1, 2], %22(1,2))
([1,2],22)

(l

20, Zl]

)

So the map go1 : Ugy NU; — GL;(C) is given by [29, 21] — (2 — 22).

Z1

For the Euler class, we follow Example 6.44.1. Let z = i—é be the coordinate of Uy, which we
can identify With C. Let w =2 = l be the coordinate of U; which we again identify with

z1

C. Then, go1 = = = w on Uy N Uj. Now by 6.38, the Euler class of S is given by
-1
e(N) = 5—d(podlog go1) on U
vl
-1
= %d(/?odlog w)

where pg is 1 in a neighborhood of the origin and 0 in a neighborhood of infinity in the
complex w-plane U; = C. Let A, be an annulus centered at the origin whose outer circle
C is sufficiently large to contain the support of py and whose inner circle B, has radius 7.
Orient C' counterclockwise and B, clockwise. Now, we have

—1
/ e(N) = / dpodlogw
cp? 2 )

To compute the right integral, consider

/d(podw/w) = lim/ d(podw /w)
C r—0 A,
= lir%/ podw/w+/ dw /w by Stokes’ theorem
r—> C -

=lim [ dw/w
=0 Jp

= —2m

In the third equality, we used that pg is supported inside of C', so is 0 on C. In the fourth
equality, we get a minus sign because B, is oriented clockwise. So, we have that

/CPI e(N) = 2__73@'(_2“) 1

So the Euler class is a form with total integral over C equal to 1.
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Problem 6.46. Let S™ be the unit sphere in R"*! and ¢ the antipodal map on S™:

i (x1, . Tng1) = (—21, 0, —Tpa)

The real projective space RP™ is the quotient of S™ by the equivalence relation x ~ i(x).

(a)

An invariant form on S™ is a form w such that i*w = w. The vector space of invariant
forms on S™, denoted Q*(S™)! is a differential complex, and so the invariant cohomol-

ogy H*(S™)! of S™ is defined. Show that H*(RP") = H*(S"),

Let m : S™ — RP™ be the quotient by = ~ i(z). This gives an isomorphism on the
level of forms. Suppose that w is an invariant form on S™. Then i*w = w and 7(w)
will be well-defined on the quotient of S™ by the antipodal map 7. On the other hand,
if 7is a form on RP™ in coordinates x1,...,,, then (7 + i*7) is a form on S™ in
(non-projective) coordinates x1, ..., z, and is invariant since

ST+ ) = (T 4+ 7)

Now when we send this form to RP" by identifying = ~ i(x), we will get the form
(7 +7) = 7 on RP" back.

To see this is an isomorphism in cohomology, we need it to commute with d. Suppose
that 7 is a form in RP". Lifting to 5", we get the form (7 +4*7). Applying d, we get
+d(7 +4*7). On the other hand, we can compute dr in RP™ and then lift to S™. This
gives 2(dr + i*dr). Since ¢* commutes with d, this is 3d(7 + i*7). Hence we have an
isomorphism in cohomology.

Show that the natural map H*(S™)! — H*(S") is injective.

Suppose that o and 7 are invariant forms on S™ and that they map to the same element
of Q*(S™). That is, they are the same form when we forget the property that they
are invariant. No information about ¢ and 7 is lost when we no longer label them as
invariant forms, so they are equal as invariant forms as well. Hence the map is injective
at the level of forms.

To see it is injective also on cohomology, suppose that w is an invariant form on S™
and [w] = 0, so w = dr for some (not necessarily invariant) form 7 on S™. Then we
have w = i*w = i*dr = di*T and so we have that w = $(dr +di*7) = di (7 +i*7). Now,
we compute

(¢"T 4+ %" T)

("1 4+ 1)

FIr i) =

N—= D=

So w = do where 0 = 3(7 +i*7) is in fact an invariant form on S™. Thus the map is
injective on cohomology.



(c)

Give S™ its standard orientation. Show that the antipodal map ¢ : S — S™ is
orientation-preserving for n odd and orientation-reversing for n even.

Since S™ inherits its orientation from R"*!, it suffices to consider the effect of ¢ on the
orientation of R"*!. So, we need to compute the Jacobian determinant of 7. That is,
we need to compute det(%). This (n+ 1) X (n+ 1) matrix has —1 on the diagonal

and 0 elsewhere, so has value (—1)"*1.
When n is odd, this determinant is positive and so orientation preserving. When n is
even, this determinant is negative and so orientation reversing.

Show that the de Rham cohomology of RP"™ is

R ¢g=0
n 0 O0<g<n
HIRE") =4 g g =n odd

0 g=mneven

We have an isomorphism between H9(S™)! and H?(RP") and an injection from H9(S")!
to H9(S™). Now, we know that

R ¢g=
HI(S") =40 0<qg<n
R g=n

So since we have an injection from H?(RP") to H?(S™), we can conclude that H1(RP™) =
0 for 0 < ¢ < n. Since RP" is connected, we have that H°(RP") = R. Now when
q = n, let o be the generator of H"(S™). Since i has Jacobian (—1)"*1 we have that
i*o = (=1)""o. In the case of n odd, o is an invariant form, and so the injection is in
fact an isomorphism and H"(RP™) = R. In the case of n even, o is not an invariant
form and the injection is the 0 map, hence H"(RP™) = 0.



